Coupled semiconductor lasers are systems possessing complex dynamics, which makes them interesting for many applications in photonics. In this paper, we first review our results on the existence and stability of asymmetric phase-locked states of a single dimer consisting of two coupled semiconductor lasers. We show that stable phase-locked states of arbitrary asymmetry exist, whose field amplitude ratio and phase difference can be dynamically controlled by appropriate electronic current injection. Moreover, we obtain stable limit cycles with asymmetric characteristics, emerging through Hopf bifurcations from these phase-locked states. Also, we emphasize the importance of exceptional points, and we show that asymmetry enables their existence in extended regions of parameter space. The dynamics of asymmetric dimers under small signal modulation of the pumping current is also investigated and the occurrence of antiresonances and sharp resonances with very high frequencies is demonstrated. Finally, we describe DYNAMICS, 2019, 15(4), 429-455   430   A. Bountis, Y. Kominis, J. Shena, V . Kovanis our recent findings on optically coupled arrays of coupled dimers and explore their fascinating nonlinear dynamics. In particular, we couple in an appropriate way a large number of dimers and show that, depending on their degree of asymmetry, they exhibit organized high amplitude oscillations, or oscillate very close to phase-locked states, suggesting that such photonic networks may prove useful in a variety of beam forming and beam shaping applications.
Introduction
Semiconductor laser arrays are photonic structures with great potential for applications in optical communications, sensing and imaging. One of their most attractive features is their electronically controlled operation and tunability, which enables them to transform current distributions into desirable field patterns. In that sense, a pair of coupled semiconductor lasers, herein called a dimer, constitutes a fundamental photonic oscillator, from which larger and more complicated structures can be built. The properties of such dimers are determined mostly by their stationary states, stability and bifurcations that can be controlled by current injection in the two lasers. The existence of stable asymmetric phase-locked states with unequal field amplitudes and phase differences crucially determines the dimer's far field patterns [1, 2] and its capability to act as a unit for synthesizing larger controllable active structures characterized by complex dynamics [3] [4] [5] [6] [7] [8] [9] [10] . In addition to beam shaping applications [11] , a pair of coupled lasers can also be considered as part of a "photonic processor" [12, 13] .
A pair of coupled lasers, therefore, constitutes an excellent model for non-Hermitian optics that is of much current research interest. Its dynamics is accurately described by coupled mode equations for the complex field amplitudes [14] [15] [16] [17] [18] , and has been extensively studied in (paritytime) P T -symmetric configurations [19] [20] [21] [22] [23] [24] . The essential requirement for P T -symmetry is that there be no detuning between the two lasers, while in most cases gain and loss are exactly balanced. However, these conditions can be relaxed to allow for nonzero detuning and arbitrary gain or loss [14, 17] . There are cases, however, where deviations from exact P T -symmetry are necessitated by practical reasons [17] or intentionally designed to obtain highly desirable stable nonlinear supermodes [27, 28] .
When writing down coupled mode equations to study the dynamics of P T -symmetric lasers, one commonly neglects the nonlinearity of the system due to the coupling between field amplitudes and carrier densities. This approximation, however, excludes some important phenomena that are of great interest to photonics applications, such as the existence of symmetric and asymmetric phase-locked states, limit cycles [29, 30] and localized synchronization effects [31, 32] that arise only when carrier density dynamics is taken into account [14, 29] . Indeed, the latter introduces current injection as a control mechanism that can seriously affect the dynamics of the system.
In our earlier work, we began by studying the dynamics of a single laser dimer. We investigated in detail the existence and stability of its asymmetric phase-locked modes, as well as the role of detuning and inhomogeneous pumping between the lasers [37] . Remarkably, for zero detuning, we discovered stable asymmetric modes even when the two lasers are homogeneously pumped, i.e., the lasers are absolutely symmetric! These modes bifurcate to stable limit cycles through Hopf bifurcations, while for nonzero detuning we obtain phase-locked modes with arbitrary power, amplitude ratio and phase difference for appropriate pumping and detuning values.
These asymmetric states are stable for large regions of parameters, in contrast to common coupled oscillators (whose asymmetric states are usually unstable [33] ) and are due to the inclusion of carrier density dynamics in the model.
In all cases, asymmetric states have carrier densities with gain coefficients of opposite sign in each laser, so that the respective electric fields experience gain and loss, as in the case of P T -symmetric configurations. However, we discovered that deviations from P T -symmetry, expressed by nonzero detuning, can lead to asymmetric phase-locked states of arbitrary field amplitude ratio and phase difference that are most promising for applications.
Exceptional (fixed) points (EP) are very special, since the vanishing of imaginary parts in their eigenvalue spectrum leads to the collapse of eigenstates that has important consequences for the model's physical behavior. For a long time the existence of EP had been attributed to PTsymmetry, in simplified coupled mode equation models free from carrier-induced nonlinearities and with zero frequency detuning [17, 22, 24] . In a recent paper, however, it was shown that an "effective" form of PT-symmetry can be achieved even for nonzero frequency detuning, by judiciously selecting unequal pumping rates in the coupled rate equations [35] .
We have shown that EP also exist under asymmetric configurations, with substantial differential pumping and nonzero optical frequency detuning [36, 39] . This results in phase-locked states that are neither PT-symmetric nor "effectively" PT-symmetric in the above sense and thus significantly extends the range of options, when operating the system at an EP. We have thus been able to locate new EP for a wide range of coupling, frequency detuning and pumping rates, thus facilitating the selection of appropriate parameters, according to specific experimental constraints.
We have also explored the response induced by small signal modulation in a laser dimer, when stable phase-locked states of varying asymmetry are considered [40] . We have found that the extended stability regions of these asymmetric states can lead to frequency response with a rich set of qualitatively new features: An asymmetric amplitude response of the coupled laser system, sharp resonances and antiresonances, and the achievement of efficient stable modulation of the system at frequencies that are orders of magnitude higher than its free running relaxation frequency.
The design of photonically integrated arrays of laser dimers, consisting of large numbers of properly coupled photonic emitters, is very important for many applications. It is well known that operating such an array in a phase-locked state offers a highly effective method for beam shaping because it increases the output power and reduces the required lasing threshold. Recently, active microring resonator arrays have been theoretically and experimentally investigated. For example, as pointed out in [46] , this richly nonlinear, non-Hermitian system displays a broad range of behaviors, from single edge-mode lasing to multimode emission within the bulk of the array.
We have thus begun, more recently, to study the collective behavior of a large array of semiconductor lasers with nearest-neighbor interactions and fixed boundary conditions at both ends. The crucial parameters for the observed dynamics are the pumping rates, the interlaser coupling and the optical frequency detuning between the lasers, all of which introduce realistic inhomogeneities and dispersion effects within each dimer. We first discovered that, for symmetric arrays where all dimers have equal pumping rates and internal coupling η in just above Hopf bifurcation points, nearly equal amplitude oscillations (NEAO) of the electric fields occur, which persist even when the external coupling between nearest neighbors η ex is nearly equal to η in . We thus found interdimer coupling regimes with NEAO even in arrays of M = 30 dimers and beyond, for zero detuning and in the absence of noise.
We also studied various asymmetric settings where the choices of pumping rates differ from the symmetric case. Here, the important result is that many dimers still execute stable NEAO for similar ranges of internal and external coupling parameters as in the case of symmetry. What is particularly interesting, however, is that new oscillatory phenomena are also found, termed SOPLS, where some of the lasers perform small oscillations about the (unstable) phase-locked state. Finally, varying slightly the detuning and adding weak noise to each dimer, we find wide parameter regimes where all these oscillatory phenomena can be robustly observed, not only for fixed but also for periodic boundary conditions. This paper is organized as follows: After introducing the basic modal equations and discussing the phase-locked states and limit cycle solutions for the system of two coupled semiconductor lasers in Section 2, we focus on the eigenvalue spectra of steady states and identify their exceptional points and Hopf bifurcations in Section 3. Next, in Section 4, we study the signatures of the spectral line shape and the modulation response of a two-laser system (dimer) in the presence of noise. In Section 5, we extend our results to the case of arrays of many laser dimers and discover remarkably coherent oscillatory phenomena, where some lasers execute large-amplitude oscillations, while others remain very close to the unstable phase-locked state. Finally, we close in Section 6 with our conclusions and preliminary results of ongoing investigations.
Rate equations model for two coupled lasers: phase-locked states and limit cycles
The dynamics of an array of M evanescently coupled semiconductor lasers is governed by the following equations describing the complex amplitude of the normalized electric field E i and the normalized excess carrier density N i of each laser:
1)
α being the linewidth enhancement factor, η a normalized coupling constant, P i the normalized excess electrical pumping rate, ω i the normalized optical frequency detuning from a common reference, T the ratio of carrier to photon lifetimes, and t the normalized time [29] . When they are uncoupled (η = 0), the lasers exhibit free running relaxation with frequencies
Since we generally study lasers that are inhomogeneously pumped (i.e., P i = P j ), we shall define a reference value for P and a corresponding frequency
and rescale Eqs. (2.1) as follows:
5)
In [37] we studied the existence and stability of asymmetric phase-locked states for a single dimer (M = 2) under symmetric and asymmetric electrical pumping. Introducing now the amplitude and phase of the complex electric field in each laser as E i = X i e iθ i , Eqs. (2.4) for M = 2 become
where we have defined Δ = Ω 2 − Ω 1 as the detuning, θ = θ 2 − θ 1 as the phase difference of the electric fields and use P = (P 1 + P 2 )/2 to define Ω as in Eq. (2.3). As a reference case, we consider a dimer with α = 5, T = 400 typically used in experiments with P = 0.5. We thus have Ω = 5 × 10 −2 and a coupling η in the range of [10 −5 , 1], which corresponds to a Λ in the range [0.5 × 10 −3 , 0.5 × 10 2 ]. The equilibria of (2.6) are phase-locked states given by the solutions of the algebraic system obtained by setting the time derivatives in (2.6) equal to zero, whose (linear) stability is determined by the eigenvalues of the Jacobian of the system. For the case of zero detuning (Δ = 0) and symmetric electrical pumping (P 1 = P 2 = P 0 ), two phase-locked states are known analytically: X 1 = X 2 = √ P 0 , Z 1 = Z 2 = 0 and θ = 0, π. The in-phase state (θ = 0) is stable for η > αP 0 /(1 + 2P 0 ), and the out-of-phase state (θ = π) for η < (1 + 2P 0 )/2αT [29] .
The phase difference θ and the electric field ratio ρ ≡ X 2 /X 1 of a phase-locked state determine the intensity response of the system. The incoherent intensity is defined as the sum S ≡ |E 1 | 2 + |E 2 | 2 = (1+ρ 2 )X 2 1 , while the coherent intensity corresponds to a superposition of the electric fields I ≡ |E 1 + E 2 | 2 = (1+ρ 2 +2ρ cos θ)X 2 1 . The coherent intensity depends on the phase difference θ, but does not take into account the spatial distance between the lasers. Considering for simplicity the lasers as two point sources at a distance d, the coherent intensity is given by
where φ is the azimuthal angle measured from the direction normal to the distance between the lasers, while λ is the wavelength [34] . It is clear that the asymmetry of the phase-locked state measured by ρ, θ and the geometric parameter d/λ define a specific far-field pattern I φ with desirable characteristics.
Since we cannot solve the above system analytically for the desired unknowns, we will analyze the converse problem: Given a phase-locked state with field amplitude ratio ρ ≡ X 2 /X 1 and phase difference (θ), we solve the algebraic system obtained by setting the rhs of Eqs. (2.6) equal to zero and determine the steady-state carrier densities (Z 1,2 ), the detuning (Δ) and pumping rates (P 1,2 ) in terms of ρ and θ. Let us demonstrate our approach in the case of Δ = 0. It is easy to verify that for every ρ there exists an equilibrium of the dynamical system (2.6) related to a fixed phase difference θ by the expression
while the full set of equations yields:
where we have defined X 0 ≡ X 1 .
Symmetric dimers
For the case of symmetric pumping (P 1 = P 2 = P 0 ) and zero detuning (Δ = 0), we find phase-locked states with field amplitude X 0 given by
while the common pumping rate is expressed by
Remarkably, asymmetric phase-locked states exist with arbitrary amplitude ratio (ρ), even for the case of identical lasers! More interestingly, this state is stable over a large region of parameter space as shown in Fig. 1 . Moreover, the asymmetric phase-locked states undergo a Hopf bifurcation that gives rise to stable limit cycles similar to those we encounter in the symmetric case [29] , but with generally different oscillation amplitudes [32] . Note how the amplitude ratio ρ depends on the phase difference θ, see Eq. (2.7) and Fig. 2a . Moreover, the field amplitude depends strongly on the ratio ρ and the normalized coupling constant Λ as shown in Eq. (2.10) and Fig. 2b . The pumping P 0 needed to have an asymmetric phase-locked state is given by Eq. (2.11), while the well-known symmetric states are obtained for ρ = 1 [29] .
We emphasize that phase-locked states with fixed phase difference θ but arbitrary amplitude X 0 also exist for different pumpings between the two lasers, given by Eq. (2.9). Their stability depends crucially on the electric field amplitude X 0 . However, in comparison with Fig. 1a , for the same parameter values but with P 1 = P 2 = P 0 , the extent of the stability regions is significantly reduced.
Asymmetric dimers
By analogy with the case of zero detuning we now exploit the analytical relations we have found connecting the steady-state carrier densities (Z 1,2 ) with the appropriate detuning (Δ) and pumping rates (P 1,2 ) parameters for arbitrary amplitude ratio (ρ) and phase difference (θ), written in the form
These relations imply that there always exists a phase-locked state with arbitrary asymmetry ratio ρ and phase difference θ, as long as the detuning Δ and the pumping rates P 1,2 obey Eqs. (2.13) and (2.14), respectively, with the steady-state carrier densities (Z 1,2 ) given by Eqs. (2.12). These states exist over the whole parameter space and arbitrary amplitude X 0 . The stability of these states depends strongly on the coupling (Λ), the value of (X 0 ) and the degree of asymmetry, characterized by ρ and θ, as shown in Figs. 3a-3d.
There is a variety of stable and unstable asymmetric phase-locked states with unequal field amplitudes and phase differences, which determine the far field patterns of the dimer. The asymmetric states have carrier densities with opposite signs Z 1 /Z 2 = −ρ 2 < 0 so that the electric fields of the lasers experience gain and loss. For ρ = 1 we have equal gain and loss and a phase-locked state with equal field amplitudes and a phase difference given by Eq. (2.13) as sin θ = −Δ/2αΛ. When we cross the boundaries of the stability regions, the system undergoes Hopf bifurcations giving rise to stable limit cycles characterized by asymmetric synchronized oscillations of the electric fields that can have different mean values and amplitudes of oscillation.
Characteristic cases for the time evolution of the electric field amplitudes X 1,2 and the phase difference θ are depicted in Fig. 4 for various degrees of asymmetry. The parameters of the system correspond to those of Fig. 3a and the initial conditions are written in the caption, with phase difference θ = 0.9π 2.83 and various values of ρ. For ρ = 0.75 [ Fig. 4a ] the asymmetric phase-locked state is stable and perturbed initial conditions evolve to the stable state. As ρ decreases to ρ = 0.5 [ Fig. 4b ] and 0.25 [ Fig. 4c ], the phase-locked states become unstable and the system evolves to stable limit cycles of increasing period. Close to the center of the unstable region the system evolves to chaotic states [ρ = 0.15, Fig. 4d ]. Decreasing ρ further results in stable limit cycles [ρ = 0.10, Fig. 4e ] and stable phase-locked states [ρ = 0.05, Fig. 4f ].
For the case of a given nonzero detuning and/or asymmetrically pumped lasers P 1 = P 0 +ΔP , P 2 = P 0 −ΔP , the equilibria of the system (2.6) cannot be analytically obtained from a given set of values (Δ, ΔP ). The respective algebraic system consists of transcendental equations and is solved by utilizing a numerical continuation algorithm, according to which we start from Δ = 0 and ΔP = 0 corresponding to the symmetric case of the two known equilibria (θ = 0, π). For each one of them, we increase Δ and/or ΔP in small steps; in each step the solution of the previous step is used as an initial guess for the iterative procedure (Newton -Raphson method) that provides the solution. For the case of zero detuning Δ = 0, the domain of existence of stable phase-locked states in the (Λ, ΔP ) parameter space is shown in Fig. 5a . For ΔP = 0 the results are similar to the case considered in [29] , with the in-phase state being stable for large Λ and the out-of-phase being stable for small values of Λ. As the pumping difference increases, the stable in-phase state extends over quite a small range of ΔP , whereas the out-of-phase state extends almost in the entire range of ΔP . In both cases, as ΔP increases from zero the phase difference is slightly differentiated from the values θ = 0, π for ΔP = 0.
Surprisingly, another region of stable phase-locked states appears in the strong coupling regime (large Λ) above a threshold of pumping difference ΔP . This is an out-of-phase state with phase difference close to π that appears for values of ΔP for which no stable in-phase state exists. In fact, this stable state exists for a large part of the parameter space and extends to values ΔP = P 0 for which only one of the lasers is pumped above threshold (P 1 = 1, P 2 = 0). This area of stability, extending from intermediate to high values of coupling, is enabled by the asymmetric pumping and indicates its stabilizing effect. Non-zero detuning (Δ = 0) between the two lasers strongly affects the existence of a stable out-of-phase state in the weak coupling regime, as shown in Figs. 5b, 5c, for Δ = 0.05, 0.1, respectively. 
Eigenvalue spectrum: exceptional points and Hopf Bifurcations
The eigenvalues of the phase-locked states as well as the trivial zero state play a crucial role in the dynamical behavior of the system determined from the existence of Hopf bifurcation and exceptional points.
Eigenvalue spectrum of the zero state: exceptional points and stability
It is interesting to investigate the eigenvalue spectrum of the zero state of the system (2.1) for M = 2. Linearizing these equations around E i = 0, Z i = P i /Ω (i = 1, 2), we obtain a linear system whose eigenvalues are given by the characteristic equation
is the 2 × 2 unit matrix and the stars denote complex conjugation. Solving the characteristic equation, we find the eigenvalues
with λ 3,4 = λ * 1,2 and λ 5,6 = −1/(2P ), where P = (P 1 + P 2 )/2Λ, Ω = (Ω 1 + Ω 2 )/2Λ, ΔP = = (P 1 − P 2 )/2Λ, Δ = (Ω 1 − Ω 2 )/2Λ and Ω = 1. Since λ 5,6 are always negative, they correspond to stable directions in phase space, hence the stability of the zero state and its dependence on the parameters of the system is determined by the eigenvalues λ 1,2 .
Note that a nonzero α implies that both pumping and detuning determine the real and imaginary part of the spectrum. Moreover, the carrier densities introduce the pumping rates P i , i = 1, 2 in a way that shows their importance in determining the spectral properties of the zero state. We emphasize that these effects are absent in non-Hermitian dimers described by mode equations that neglect the nonlinear coupling of the electric fields with the respective carrier densities.
The real and imaginary parts of the eigenvalues λ 1,2 (normalized over the coupling constant Λ) as functions of the detuning Δ and pumping difference ΔP are depicted in Fig. 6 . Observe that spectral transitions, where real and imaginary parts of the eigenvalues coalesce, take place along the straight line Δ − αΔP = 0 at the so-called exceptional points (EP), located at ΔP = ±1. Exceptional points occur naturally in eigenvalue problems that depend on parameters. Varying these parameters, one can generically find EP where eigenvalues become degenerate and the corresponding eigenvectors collapse, with important consequences regarding the physical behavior of the model. This generalizes what was known for P T -symmetric non-Hermitian dimers, where spectral transitions occur only along the zero detuning line Δ = 0 [14] . For zero detuning Δ = 0 and α = 0, spectral transitions take place in an analogous way as in the P T -symmetric case. For |ΔP | < 1, the eigenvalues λ 1,2 have a common nonzero real part and opposite imaginary parts along the line Δ = 0, whereas for |ΔP | > 1, the eigenvalues have different real parts and zero imaginary parts [ Fig. 6 (top) ]. For nonzero α = 5 there are no spectral transitions along Δ = 0. However, spectral transitions do occur along the line Δ = αΔP as shown in Fig. 6 (bottom). One essential difference with the case of α = 0 is that the imaginary parts of λ 1,2 are now symmetric not with respect to zero, but with respect to a nonzero value. Therefore, for the general case of nonzero α, asymmetric pumping can control the spectral properties of the system. Moreover, it is worth mentioning that apart from the existence of EP the linear eigenvalue spectrum of the zero state determines its stability and, as recently shown in [36] , also explains phenomena related to the reversal of laser pump dependence and self-termination scenarios that can take place for varying P 1,2 .
Eigenvalue spectrum of phase-locked states: Hopf bifurcation and exceptional points
As we realize from the above, Hopf bifurcation and exceptional points play a crucial role in laser dimer dynamics. The former corresponds to intensity peaks and the latter to side band merging [37] . To study such phenomena for asymmetric phase-locked states, we need to derive the eigenvalue spectrum of the linearized equations about these states and determine their stability and their spectral line shape. These eigenvalues are calculated from the corresponding Jacobian of the dynamical system (2.6):
In the above expressions we have normalized the natural frequency of the dimer to Ω = 1, see Eq. (2.3), and replaced the scaling factor in the carrier density equations by T . As is well known, stability requires that all eigenvalues have nonpositive real part. This enables us to draw stability regions in parameter space and examine what happens at their boundaries. We thus discover cases where the system undergoes a Hopf bifurcation to stable limit cycles corresponding to asymmetric synchronized oscillations of the electric fields, with generally different mean values and amplitudes [32] . EP are also found in this way, as we saw earlier in Section 3, at parameter values where two (or more) eigenvalues coalesce and can lie either in the stable or the unstable domain.
Let us focus on a system with α = 5 and carrier to photon lifetime ratio T = 400. For zero detuning (Δ = 0) and equal pumping (P 1 = P 2 = P 0 ) we find one asymmetric phase-locked state with arbitrary amplitude ratio (ρ). The phase difference and reference field amplitude are given by Eqs. (2.7) and (2.10). The stability domain of these states in parameter-solution Fig. 7 . Stability and location of Hopf bifurcation and exceptional points in the (Λ, ρ) (left) and (Λ, P 0 ) (right) space, for zero frequency detuning (Δ = 0) and equal pumping rates (P 1 = P 2 = P 0 ). (left) The Hopf bifurcation points are located at the boundary between stable (blue) and unstable (yellow) regions. Red lines depict the location of the exceptional points. (right) The color coding depicts the asymmetry of the respective phase-locked states (blue and yellow correspond to ρ = 1 and ρ < 1, respectively). The electric field amplitude (X 0 ) is given by (2.10). Fig. 8 . Stability domains and location of Hopf bifurcation and exceptional points in the (Λ, ρ) (left) and (Λ, P 1 , P 2 ) (right) space, for zero frequency detuning (Δ = 0) and unequal pumping rates (P 1 = P 2 ). (left) The Hopf bifurcation points are located at the boundary between stable (blue) and unstable (yellow) regions. Red lines depict the location of the EP. (right) The color coding depicts the asymmetry of the respective phase-locked states (blue and yellow correspond to ρ = 1 and ρ < 1 or ρ > 1, respectively). The phase difference (θ) is given by (2.7) and the electric field amplitude of the corresponding phase-locked modes is X 0 = 10 −1.7 (top) and X 0 = 10 −1.9 (bottom). Clearly, the topology of the EP lines depends crucially on the value of X 0 . space (Λ, ρ) is depicted in Fig. 7 (left) with the Hopf bifurcation points corresponding to the boundary between the stable and the unstable region and the EP are depicted by a red line.
It is worth emphasizing that EP can be located either in the stability or in the instability region. The location of EP in the parameter space (Λ, P 0 ) is depicted in Fig. 7 (right) with the line colormap corresponding to different values of phase-locked state asymmetry (blue and yellow correspond to ρ = 1 and ρ < 1, respectively). This case corresponds to the aforementioned "missed" asymmetric phase-locked state in a fully symmetric configuration examined in [29] and shows clearly the relation between the existence of EP and the inherently asymmetric dynamics of the system. For the case of zero detuning (Δ = 0) and unequal pumping (P 1 = P 2 ), for every value of ρ there exist two asymmetric phase-locked states with phase differences given by Eq. (2.7) for s = 0, 1, respectively. Their stability as well as the location of the Hopf bifurcation and EP are depicted in Fig. 8 (left) for different values of X 0 which is not fixed in this case. Moreover, the parameter space has an additional dimension (Λ, P 1 , P 2 ) and the location of the EP in this space is depicted in Fig. 8 (right) . A qualitativily different topology of the EP lines is evident, including open and closed lines as well as multiple intersecting lines, depending on X 0 .
Spectral signatures of exceptional and Hopf bifurcation points
In what follows we show that the existence of EP and Hopf bifurcation points result in specific spectral signatures in the spectral line shape and the modulation response of the system.
Exceptional points and spectral line shape
In order to study the coherence properties of a specific phase-locked state, we study the response of the linearized system in the presence of noise sources. The system under study has the form−
where − → δX denotes small deviations from the phase-locked state − → X = (X 1 , X 2 , θ, Z 1 , Z 2 ), and − → n corresponds to amplitude, phase and carrier density fluctuations under zero-mean, deltacorrelated stochastic signals. By taking the Fourier transform of Eq. (4.1) we obtain the transfer function (matrix) of the system as
where δω is the spectral component of the system response and I is the unit matrix. The power spectral density S XX of the output of the linear system (4.1) is then given by [38] S XX (δω) = H(δω)H † (δω), (4.3) where the † denotes the Hermitian conjugate of the matrix. The spectral line shape of the phase-locked states in terms of the total optical power is given by S X 1 X 1 + S X 2 X 2 shown here in Fig. 9 (bottom row) . It is clear that, in all cases, the spectral line shape and its dependence on the specific phase-locked state (as a function of ρ) follows that of the imaginary part of the eigenvalues. The observable spectral signature of the EP (vertical green dotted lines) corresponds to the emergence of side bands and the observable spectral signature of the bifurcations at zero crossings of the real part of the eigenvalues (vertical yellow dotted lines) corresponds to the appearance of points of maximum intensity.
Hopf bifurcations and modulation response
Let us now take advantage of our explicit knowledge of the stability domain in parameter space to modulate an asymmetric phase-locked state and investigate a number of interesting response features of our laser dimer. The small signal (linear) modulation response to a timevarying current P 1 = P 0 + Re{δP e iωt }, is calculated by linearizing the system around a stable phase-locked state, where s = ±1 corresponds in-phase and out-of-phase modulation, respectively. Defining X ≡ (X 1 , X 2 , θ, Z 1 , Z 2 ) and setting X = X 0 + δX, where X 0 denotes the phase-locked state and δX is small, the frequency response of the system is obtained as follows:
with A = (0, 0, 0, 1/T, s/T ),
the transfer matrix of the linear system and J its Jacobian. The amplitude response is then given by
Depending on the asymmetry of the modulated phase-locked state and the coupling, we discover that the linear modulation response of our system has remarkable features of physical significance, including resonances and antiresonances at frequencies far beyond the free running relaxation frequencies of the dimer, cf. Eq. (2.2) and Fig. 10b . For strong coupling, the stable phase-locked states are slightly asymmetric (ρ close to unity) in comparison with the weak coupling regime and the respective free running relaxation frequencies are of the order of GHz as shown in Fig. 10 . In such cases, the in-phase modulation response has a peak close to the free running relaxation frequency which is smaller than 1 GHz, for a coupling coefficient Λ = 10 −1 (see Fig. 10b ). For the out-of-phase modulation, a sharp peak appears at a frequency that is several times larger than the free running relaxation frequency and its maximum depends weakly on the asymmetry (ρ).
For even larger values of the coupling, Λ = 10 −0.2 and out-of-phase modulation we observe the same phenomenon, but now with a resonant peak appearing at a frequency near 100 GHz, which is more than 50 times larger than the free running relaxation frequency, as shown in Fig. 11 . As the stable phase-locked states for strong coupling are weakly asymmetric, with ρ close to unity, the high-frequency peaks of the out-of-phase modulation response appear at frequencies that are close to the analytically known frequencies [47, 48] 
For weak coupling, e.g., Λ = 10 −3 , the stable phase-locked states can be highly asymmetric, with ρ significantly different from unity, as shown in Fig. 12a with their free running relaxation frequencies being of the order of 0.1 GHz and depending on ρ, as illustrated in Fig. 12b . The amplitude modulation response for a coupling coefficient Λ = 10 −3 is shown in Figs. 12 and 13 for out-of-phase and in-phase modulation, respectively. In both cases, a smooth peak appears at the free running relaxation frequency and sharp peaks appear at a higher frequency for strongly asymmetric phase-locked modes. These modes are close to the stability boundary (Fig. 9a) where a Hopf bifurcation takes place [36] .
For the case of in-phase modulation, an interesting antiresonance phenomenon appears as a sharp dip in the modulation response of the first laser, shown in Fig. 14a . The term antiresonance has been used in a variety of physical systems related to cavity QED [49] , metamaterials [50] and vibration testing [51] . Interestingly, it seems to have passed unnoticed in the photonics literature of small signal modulation of semiconductor lasers. A careful review of recent work [52] and [53] , however, reveals that it was evident in a number of experimental and theoretical studies [54] . Fig. 11 . Modulation response as a function of the electric field amplitude ratio ρ for Λ = 10 −1 under out-of-phase modulation. The amplitude is peaked at a much higher frequency than the free running relaxation frequency and weakly depends on ρ. Fig. 12 . Modulation response as a function of the electric field amplitude ratio ρ for Λ = 10 −0.2 under out-of-phase modulation. The amplitude is now peaked at much higher frequency (beyond 100 GHz) than what was found in Fig. 10 . Fig. 13 . Modulation response as a function of the electric field amplitude ratio ρ for Λ = 10 −3 under out-of-phase modulation. Sharp resonances appear for strongly asymmetric phase-locked states, close to Hopf bifurcation points. The resonances appear at frequencies above the free running relaxation frequency shown as a smoother peak in the modulation response. Apart from sharp resonances, antiresonances appear at the amplitude response of the first laser for strongly asymmetric phase-locked states, close to Hopf bifurcation points. Both resonances and antiresonances appear at frequencies above the free running relaxation frequency shown as a smoother peak in the modulation response.
New oscillatory phenomena in arrays of laser dimers
We now turn to the study of the dynamics of a dimer array whose fundamental variables are the slowly varying complex amplitudes E j of the normalized electric fields of the lasers and the corresponding population inversions as N j , see (2.1). Each dimer consists of two lasers labeled 1 and 2, whence the rate equations describing this system are
where 1 j M with M the number of dimers, see also (2.1) . η in is the coupling between lasers 1 and 2 in each dimer, while η ex denotes the coupling between neighboring dimers, see Fig. 15 . The dimensionless time t and the population inversion decay time T are measured in units of the field decay time. The linewidth enhancement factor is α and P 1,2 j are the pumping coefficients. The normalized angular frequency ω j measures the detuning of laser j from a common reference. Fig. 15 . Pictorial representation of part of an array consisting of two dimers. The coupling constant within the lasers of each dimer is denoted by η in , while the one between the dimers is η ex . P 1 and P 2 denote the pumping rates in the left and right laser of each dimer, respectively.
In the case of a single dimer, equal pumping rates and in the absence of detuning the fixed point of the dimer is stable under the condition [29] :
Choosing as before α = 5, T = 400, we find that with P = 1.5 the phase-locked state destabilizes and leads to a limit cycle at η = 0.001. Solving the equations of motion for two dimers with P 1 = P 2 = 1.5, and η in = η ex = η, we find that their electric fields oscillate with nearly equally large electric amplitudes, for 0.001 η 0.004 as shown in Fig. 16 . In fact, if we couple two dimers, with η in = 0.0025, we find that the oscillatory dynamics of each dimer persists for quite a large interval of η ex , see Fig. 17 . Fig. 16 . Bifurcation diagram of the maxima and minima of the electric field amplitudes for two coupled symmetric dimers with (P 1 , P 2 ) = (1.5, 1.5). The upper two figures correspond to dimer 1 and the lower two to dimer 2. Here we vary η in = η ex = η, with h Hopf = (1 + 2P 0 )/(2T α) at the Hopf bifurcation point. Fig. 17 . Bifurcation diagram of the maxima and minima of the electric field amplitudes, as in Fig. 16 . Here we vary η ex for fixed = η in = 0.0025 and (P 1 , P 2 ) = (1.5, 1.5).
In Fig. 18 we see that under the same setting as in the previous figures, but with slightly larger internal coupling η in = 0.0042 the oscillations develop through period doubling a chaotic regime, which, however, is small and leads again to regular oscillations for higher values of η ex . Here we vary η ex for fixed = η in = 0.0042 and observe that there often exist regions of restabilization of the oscillations beyond the regimes of chaos.
Asymmetric pumping rates and nonzero detuning
Let us now make the lasers asymmetric by imposing different pumping rates on the dimers as follows: We set (P 1 , P 2 ) = (1.5, 0.8) and vary at first both the internal and external coupling constants, taking η ex = η in in Fig. 19 . As we see, comparing with Fig. 18 , the regions of nearly equal amplitude oscillations (NEAO) have decreased somewhat, but, more importantly, the first laser in each of the dimers executes much smaller oscillations close to the (unstable) phase-locked state, which we refer to as SOPLS.
Next, we consider 3 symmetric dimers in Fig. 20 and vary η ex keeping = η in = 0.0025. Again we see that all the lasers display NEAO up to η ex 0.005. In fact, if we make this system asymmetric by making the detuning different from zero, i.e., Δ = 2·10 −3 with (ω 1 , ω 2 ) = = (1.001, 0.999), we find that the electric field oscillations are very similar as in the zero detuning case.
Finally, let us consider the case of 30 dimers and take again the symmetric case of (P 1 , P 2 ) = = (1.5, 1.5) for each dimer with internal coupling η in = 0.0025. Plotting the long-time dynamics of the first dimer (top row), the 15th (middle row) and the 30th (bottom row) in Fig. 21 , we observe quite a wide regime of stable large-amplitude oscillations extending even slightly above η ex = 0.005. If we repeat the experiment, however, for the asymmetric case (P 1 , P 2 ) = (1.5, 0.8), we find, as we saw in Fig. 19 , that one of the lasers in each dimer remains close to the phaselocked state, while the other executes large oscillations, albeit somewhat more chaotically than in the symmetric case.
Different choices of pumping rates
There are, of course, more complex forms of asymmetry that one can impose on the dimers and study their effect on the dynamics. Fig. 19 . Bifurcation diagram of the maxima and minima of the electric field amplitudes, for asymmetric pumping rates (P 1 , P 2 ) = (1.5, 0.8). Here we vary η ex = η in = η and observe that one of the lasers in each dimer remains close to the fixed state, while the other executes large oscillations. Fig. 20 . Bifurcation diagram of the maxima and minima of the electric field amplitudes for 3 coupled dimers. Varying η ex for fixed (P 1 , P 2 ) = (1.5, 1.5) and internal coupling η in = 0.0025, we find that all lasers execute NEAO. Detuning is zero with ω j = 0, j = 1, . . . , 6. In Fig. 22 we present the bifurcation diagrams for two dimers, with P 1 = P 3 = 0.8, P 4 = 0.5 and P 2 = 0.5 for the top row dimer, and P 2 = 0.8 for the bottom dimer, and equal coupling strengths η in = η ex = η. Note that for low values of η the dimers are synchronized at phaselocked states, but at approximately η = 0.0005 the system undergoes a Hopf bifurcation, giving rise to limit cycles. The main difference between the two cases is that with P 2 = 0.8 we observe a quick transition to chaotic motion at about η = 0.001, whereas with P 2 = 0.5 the system exhibits either SOPLS or NEAO dynamics before a period doubling cascade around η = 0.0025.
We finally mention that the above results were checked and found to be quite robust under small additive noise, as well as periodic boundary conditions.
Conclusions and future outlook
In the present paper, we first reviewed a number of key results of our group over the past 3 years, concerning the dynamics of coupled semiconductor lasers, with the purpose of constructing photonic arrays that would be useful in optical communications, sensing and imaging. In particular, our main goal is to look for appropriate configurations that would allow us to control the operation and tunability of these arrays so as to be able to obtain desirable field patterns.
Thus, we first outlined our studies on a single pair of coupled semiconductor lasers, called a dimer, which is known to exhibit stationary states, Hopf bifurcations, limit cycles and transitions to chaos that can be controlled by varying the pumping rates P 1 , P 2 entering the carrier density equations of the two lasers. We thus showed that there exist stable asymmetric phaselocked states with unequal field amplitudes and phase differences determining the dimer's far field patterns, enabling it to act as a unit of large controllable photonic structures. We also showed that, remarkably, stable asymmetric modes exist even in the symmetric case where the two lasers are homogeneously pumped. These modes bifurcate to stable limit cycles through Hopf bifurcations, while nonzero detuning and asymmetric pumping can lead to phase-locked modes with arbitrary power, amplitude ratio and phase difference. We emphasized that such deviations from P T -symmetry can lead to asymmetric phase-locked states with arbitrary field amplitude ratio, which is especially desirable for applications.
The eigenvalue spectra of both the trivial zero state and the asymmetric phase-locked states were systematically analyzed and the existence of exceptional points (EP) as well as Hopf bifurcation points was shown to be enabled in extended regions of the parameter space due to asymmetry. For a long time, EP in parameter space had been considered only in connection with PT-symmetry. In our work, we demonstrated that EP also exist under asymmetric configurations, thus allowing us to vary coupling, frequency detuning and pumping rates to achieve the desired experimental specifications. The EP were shown to correspond to specific spectral signatures on the spectral line shape of the system. Moreover, we studied the response of a single dimer to small signal modulations, when one varies the asymmetry of certain stable phase-locked states. This has led us to the discovery of frequency responses, with remarkable properties such as sharp resonances and antiresonances, at frequencies that are sometimes orders of magnitude higher than the dimer's relaxation frequency.
Finally, we turned to some preliminary new results concerning the dynamics of arrays of coupled dimers under nearest-neighbor interactions and fixed boundary conditions. We first found that, for symmetric arrays, where all dimers have equal pumping rates and frequencies, fixing the internal coupling η in constant just above Hopf bifurcation points leads to nearly equal amplitude oscillations (NEAO) of the electric fields, which persist even for external coupling η ex nearly equal to η in . We then carried out similar experiments with arrays of 3, 5, 30 dimers (and beyond) and found interdimer coupling regimes, where NEAO are observed for significant ranges of parameters, even in the presence of small nonzero detuning and weak noise.
Studying asymmetric settings, characterized by different pumping rates, we discovered that dimer arrays still execute stable oscillations, but with one important difference: Some of the lasers are now seen to perform small oscillations about phase-locked states (SOPLS), while others exhibit NEAO. These collective oscillatory phenomena are robust for small nonzero detuning and weak noise effects, under fixed as well as periodic boundary conditions. Thus, our results suggest that laser dimer arrays need to be studied further and for widely different configurations, since they give rise to stable electric field oscillations that can be useful for optical communications, as well as many other applications in photonics.
Encouraged by our results so far, we have begun to study very recently periodic boundary conditions on a network of dimers, and have divided the dimers in two subpopulations having high and low pumping rates, respectively. We have thus observed for the first time a path to what we might call superradiance, where the maximum output power scales with the square of the number of elements in the array. This results from the subpopulation with the higher pumping rates, while the other population imposes large oscillations on the temporal mean value intensity of the whole system. Furthermore, this path to superradiance is very sensitive to the choice of initial conditions, but robust under small amount of detuning between the frequencies of each laser.
In fact, we have noticed that, by varying the coupling between the dimers, it is possible to change a stable out-of-phase state of our arrays into a stable in-phase state, using two subpopulations where each laser with high pumping rate is coupled to its neighbours with low pumping rates. This particular geometry has also been investigated theoretically and experimentally for a Su -Schrieffer -Heeger (SSH) active microring resonator arrays by Parto et al. [46] where the judicious use of non-Hermiticity was shown to promote single edge-mode lasing in such arrays. We have also observed, after a transition to the in-phase stable state and for an asymmetric pumping distribution between the two subpopulations, that fully coherent emission is possible from the sublattice with the higher pumping rate.
We have also observed partial coherence intensity in different structures of laser arrays. Coherent radiation has already been achieved through the use of an external optical cavity for three homostructure GaAs lasers [60] , combining single mode lasers using coupled cavities [56] and, more recently, in vertical cavity surface emitting laser (VCSEL) hexagonal arrays [58, 59] . In our system, however, full coherent emission from one of the subpopulations comes from the collective dynamics of the system due to the asymmetric distribution of the pumping rates throughout the array.
Currently, we are studying this form of superradiance in our dimer networks in more detail, concerning optical frequency detuning. Preliminary results indicate that, for small detuning, superradiance behavior is robust and the behavior is similar to the case of zero detuning. For larger detuning, however, there is no fixed phase relation between the oscillators and the system is incoherent.
